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DONG CHEN, LIEN-YUNG KAO, AND KIHO PARK
Abstract. We prove that for closed rank 1 manifolds without focal points the equilib-
rium states are unique for Hölder potentials satisfying the pressure gap condition. In
addition, we provide a criterion for a continuous potential to satisfy the pressure gap
condition. Moreover, we derive several ergodic properties of the unique equilibrium states
including the equidistribution and the K-property.
1. Introduction
LetM be a closed rank 1 Riemannian manifold without focal points, and let F = {ft}t∈R
be the geodesic flow on the unit tangent bundle T 1M . Manifolds without focal points are
natural generalizations of nonpositively curved manifolds. These two classes of manifolds
share many geometric and dynamic features. For example, the flat strip theorem holds for
both classes of manifolds. As a result, the subset of T 1M that does not display hyperbolic
behavior with respect to the geodesic flow can be described in the same manner for these
two classes of manifolds. Such subset is called the singular set, and denoted by Sing.
Nevertheless, lack of certain geometric properties, such as the convexity of the Jacobi fields,
impose further difficulty in analyzing the geodesic flows over manifolds without focal points;
see Remark 2.8 and 2.13 for details.
In [CKP18], the authors were able to partially overcome the difficulties and generalize
the results of Burns, Climenhaga, Fisher, and Thompson [BCFT18] on the properties of
the equilibrium states for rank 1 nonpositively curved manifolds to surfaces without focal
points. In this work, we extend most results of [CKP18] to rank 1 manifolds without focal
points of arbitrary dimension. Manifolds without focal points are defined in Definition 2.1,
and rank 1 condition on M means that there exists at least one rank 1 vector in T 1M ; see
Definition 2.2.
To put our results in context, we say a continuous potential ϕ : T 1M → R satisfies the
pressure gap condition if
(1.1) P (ϕ) > P (Sing, ϕ).
Note that Sing is closed and F-invariant, and P (Sing, ϕ) refers to the pressure of ϕ restricted
to Sing.
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Theorem A. Let M be a closed rank 1 Riemannian manifold without focal points, F
be the geodesic flow over M , and ϕ : T 1M → R be a Hölder potential. If ϕ satisfies the
pressure gap condition, then ϕ has a unique equilibrium state µϕ.
The origin of Theorem A traces back to the work of Bowen [Bow74] where he showed
that the bounded distortion property (also known as the Bowen property) on the potential
and the expansivity and the specification property on the dynamical system guarantee the
existence of a unique equilibrium state. Natural examples of such systems are uniformly
hyperbolic systems. Since the work of Bowen, his result has been extended in various
directions, and one such direction aims at relaxing the assumptions on the base dynamical
systems. Recently, Climenhaga and Thompson [CT16] developed a set of criteria that
guarantees the existence of a unique equilibrium state which applies to many non-uniformly
hyperbolic systems; see [CFT18], [BCFT18], [CKP18], and [CFT19].
Among non-uniformly hyperbolic dynamical systems arising from geometry, the first re-
sult in the same flavor as Theorem A was the work of Knieper [Kni98]. He employed
Patterson-Sullivan theory to establish the uniqueness of the measure of maximal entropy
for geodesic flows over nonpositively curved manifolds. Twenty years later, Burns, Climen-
haga, Fisher, and Thompson [BCFT18] extended Knieper’s result to equilibrium states for
potentials with the pressure gap. Their approach is inspired by the previously mentioned
work of Bowen [Bow74]. Previous work by the authors [CKP18] used the same approach
to further generalize this result to surfaces without focal points. Finally, in this work, The-
orem A shows that the same philosophy holds for higher dimensional manifolds without
focal points.
From Theorem A, it automatically follows that these equilibrium states are ergodic. It is
natural to ask whether such equilibrium states possess stronger ergodic properties. Indeed,
for uniformly hyperbolic systems, the unique equilibrium states for Hölder potentials have
many stronger ergodic properties; these include being Bernoulli, and having equidistribution
property by weighted periodic orbits as well as statistical properties such as the central limit
theorem and the large deviation property; see [PP90] and [KH97].
The following theorem partially answers the question above, and establishes several er-
godic properties of the unique equilibrium state µϕ from Theorem A.
Theorem B. In the setting of Theorem A, the unique equilibrium state µϕ has the following
properties: µϕ has the K-property and is fully supported. Moreover, µϕ is equal to the
weak-∗ limit of the weighted regular closed geodesics, and µϕ(Reg) = 1.
Notice that for surfaces without focal points, the unique equilibrium state µϕ has the
Bernoulli property; see [CKP18, Theorem B]. Recall that Bernoulli is the strongest ergodic
property that implies the K-property, and the K-property then implies mixing. We refer
the readers to Section 5 for more details on the properties listed in Theorem B.
Next theorem extends [BCFT18, Theorem B] and establishes a criterion on ϕ that guar-
antees the pressure gap property.
Theorem C. With M and F as in Theorem A, suppose ϕ : T 1M → R is a continuous
potential that is locally constant on a neighborhood of Sing. Then ϕ has the pressure gap.
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Since the zero potential ϕ ≡ 0 trivially satisfies the assumption in Theorem C, as its
corollary we obtain the uniqueness of the measure of maximal entropy for geodesic flows
over manifolds without focal points. Moreover, such equilibrium states have theK-property.
These results have also recently been established by Liu, Liu, and Wang [LLW18] and Liu,
Wang, and Wu [LWW20] via a different approach based on the previously mentioned work
of Knieper [Kni98] as well as Babillot [Bab02]:
Corollary 1.1.
(1) [LWW20, Theorem A] Geodesic flows over manifolds without focal points have
unique measures of maximal entropy.
(2) [LLW18, Theorem 2.2] Such measures of maximal entropy are mixing.
We remark that for surfaces without focal points, the uniqueness of the measures of
maximal entropy was first proved by Gelfert and Ruggiero [GR19]. A recently work of
Climenhaga, Knieper, and War [CKW19] further extended this result to geodesic flows
over surfaces without conjugate points.
The paper is organized as follows. In Section 2, we introduce our setting of manifolds
without focal points. Moreover, we introduce a function to measure hyperbolicity on T 1M
and study its properties to be used later in the paper. In Section 3, we survey relevant
results in thermodynamic formalism, and state the Climenhaga-Thompson criteria that will
used to prove Theorem A in Section 4. In Section 5, we establish the ergodic properties of
the unique equilibrium states listed in Theorem B. Lastly, in Section 6, we prove Theorem C.
Acknowledgments. The authors would like to thank Keith Burns, Vaughn Climenhaga,
François Ledrappier, Dan Thompson, and Amie Wilkinson for inspiring discussions and
supports.
2. Geometry
2.1. Manifolds with no focal points. In this subsection, we introduce and survey geo-
metric features of the manifold without focal points. These results can be found in [Ebe73b,
Pes77, Esc77, Bur83].
Throughout this section M denotes a closed Riemannian manifold, and we denote the
geodesic flow on its unit tangent bundle T 1M by F = (ft)t∈R. Recall that for any Riemann-
ian manifold M , we can naturally equip its tangent bundle T 1M with the Sasaki metric;
see [dC13]. In what follows, without stating specifically, the norm || · || on TT 1M always
refers to the Sasaki metric.
A Jacobi field J(t) along a geodesic γ is a vector field along γ satisfying the Jacobi
equation:
(2.1) J ′′(t) +R(J(t), γ˙(t))γ˙(t) = 0,
where R is the Riemannian curvature tensor, and ′ denotes the covariant derivative along
γ.
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A Jacobi field J is orthogonal if both J and J ′ are orthogonal to γ˙ at some t0 ∈ R (and
hence for all t ∈ R). A Jacobi field J is parallel at t0 if J ′(t0) = 0. If J ′(t) = 0 for all t ∈ R,
then we say J is parallel.
Definition 2.1 (No focal points). A Riemannian manifold M has no focal points if for any
initial vanishing Jacobi field J(t), its length ‖J(t)‖ is strictly increasing.
It is a classical result that one can identify the tangent space of T 1M with the space of
orthogonal Jacobi fields J . Moreover, one can use this relation to define three F−invariant
bundles Eu, Ec, and Es in TT 1M . To be more precise, for each v ∈ T 1M , there exists a
direct sum decomposition TvT 1M = Hv ⊕ Vv into the horizontal and vertical subspaces,
each equipped with the norm induced from the Riemannian metric on M . The Sasaki
metric on T 1M is defined by declaring Hv and Vv to be orthogonal. Denoting the space
of orthogonal Jacobi fields along a geodesic γ by J (γ), the identification between TvT 1M
and J (γv) is given by
TvT
1M 3 ξ = (ξh, ξv) 7→ Jξ ∈ J (γv)
where Jξ is the unique Jacobi field characterized by Jξ(0) = ξh and J ′ξ(0) = ξv. Moreover,
we have
(2.2) ‖dft(ξ)‖2 = ‖Jξ(t)‖2 +
∥∥J ′ξ(t)∥∥2 .
We define J s(γ) to be the space of stable (orthogonal) Jacobi fields as
J s(γ) = {J(t) ∈ J (v) : ‖J(t)‖ is bounded for t ≥ 0},
and J u(γ) to be the space of unstable (orthogonal) Jacobi fields as
J u(γ) = {J(t) ∈ J (v) : ‖J(t)‖ is bounded for t ≤ 0}.
Using these two linear spaces of J (γ) and the identification, we define two subbundles
Es(v) and Eu(v) of TvT 1M as the following:
Es(v) :={ξ ∈ TvT 1M : Jξ ∈ J s(v)},
Eu(v) :={ξ ∈ TvT 1M : Jξ ∈ J u(v)}.
Last, we define Ec(v) to be given by the flow direction.
Definition 2.2 (Rank). The rank of v ∈ T 1M is the dimension of the space of parallel
Jacobi fields along γv. We call M a rank 1 manifold if it has at least one rank 1 vector.
Definition 2.3. The singular set is defined by
Sing := {v ∈ T 1M : Es(v) ∩ Eu(v) 6= ∅}.
The regular set is defined as the complement of the singular set:
Reg := T 1M\Sing.
The following proposition summarizes known facts regarding manifolds with no focal
points.
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Proposition 2.4. Let M be a closed Riemannian manifold without focal points. Then we
have:
(1) [Hur86, Theorem 3.2] The geodesic flow F is topologically transitive if M is rank 1.
1
(2) [Pes77, Proposition 4.7, 6.2] dimEu(v) = dimEs(v) = n − 1, and dimEc(v) = 1
where dimM = n.
(3) [Pes77, Theorem 4.11, 6.4] The subbundles Eu(v), Es(v), Ecu(v) and Ecs(v) are
F–invariant where Ecs(v) = Ec(v)⊕ Es(v) and Ecu(v) = Ec(v)⊕ Eu(v).
(4) [Pes77, Theorem 6.1, 6.4] The subbundles Eu(v), Es(v), Ecu(v) and Ecs(v) are
integrable to F–invariant foliations W u(v), W s(v), W cu(v) and W cs(v), respec-
tively. Moreover, W u(v) (resp. W s(v)) consists of vectors perpendicular to Hu(v)
(resp. Hs(v)) and toward to the same side as v (see below for the definition of the
horospheres Hs/u(v)).
(5) [Esc77, Lemma, p. 246] Eu(v) ∩ Es(v) 6= ∅ if and only if v ∈ Sing.
(6) [O’S76, Theorem 1], [Esc77, Theorem 2] The Flat Strip Theorem: supposeM is sim-
ply connected and geodesics γ1, γ2 are bi-asymptotic in the sense that d(γ1(t), γ2(t))
is uniformly bounded for all t ∈ R. Then γ1 and γ2 bound a strip of flat totally
geodesically immersed surface.
(7) [Esc77, Section 5] For any J ∈ J s(γ)(resp. J u(γ)), ||J(t)|| is monotonely decreas-
ing (resp. increasing) for all t ∈ R.
We shall introduce more metrics on T 1M and the flow invariant foliations introduced in
Proposition 2.4 in order to perform finer analysis. We write dS for the distance function on
T 1M induced by the Sasaki metric on TT 1M . We will make use of another handy metric
dK on T 1M :
dK(v, w) := max{d(γv(t), γw(t)) : t ∈ [0, 1]}.
Such metric dK also appeared in [Kni98]. It is not hard to see that dS and dK are uniformly
equivalent. Thus, we will primarily work with the metric dK throughout the paper.
Furthermore, an intrinsic metric ds on W s(v) for all v ∈ T 1M is given by
ds(u,w) := inf{l(piγ) : γ : [0, 1]→W s(v), γ(0) = u, γ(1) = w}
where l is the length of the curve in M , and the infimum is taken over all C1 curves γ
connecting u,w ∈W s(v). Using ds we define the local stable leaf through v of size ρ as:
W sρ (v) := {w ∈W s(v) : ds(v, w) ≤ ρ}.
Moreover, we locally define a similar intrinsic metric dcs on W cs(v) as:
dcs(u,w) = |t|+ ds(ftu,w)
where t is the unique time such that ftu ∈ W s(w). This metric dcs extends to the whole
central stable leaf W cs(v). We also define du, dcu, W uρ (v), analogously. Notice that when ρ
is small, these intrinsic metrics are uniformly equivalent to dS and dK .
1Ergodicity was claimed in [Hur86] but the argument has an error. Nevertheless the proof for Theorem
3.2 is independent of ergodicity, and it remains valid.
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Remark 2.5. A handy feature of these metrics is that for any v ∈ T 1M , σ ∈ {s, cs} and
for any u ∈ W σ(w), the map t 7→ dσ(ftu, ftw) is a non-increasing function. Indeed, let
γ be a curve in W s(v) connecting u and w. Then ftγ lies in W s(ftv). {fs(γ)}0≤s≤t is
a one-parameter family of geodesics and the associated Jacobi fields are all stable. Since
stable Jacobi fields are non-increasing on manifolds without focal points (Proposition 2.4
(7)), the length of γ is not shorter than the length of ft(γ).
Similarly, for σ ∈ {u, cu}, the map t 7→ dσ(ftu, ftw) is non-decreasing. These features
are used in establishing the specification property in Section 4.
Following Proposition 2.4, one can define the stable horosphere Hs(v) ⊂ M and the
unstable horosphere Hu(v) ⊂M as the projection of the respective foliations to M :
Hs(v) = pi(W s(v)) and Hu(v) = pi(W u(v)).
We now summarize some useful properties of the horospheres.
Proposition 2.6. [Esc77, Theorem 1 (i) (ii)] Let M be a closed Riemannian manifold
without focal points. Then we have
(1) Hu(v), Hs(v) are C2-embedded hypersurfaces when lifted to the universal cover M˜ .
(2) For σ ∈ {s, u}, the symmetric linear operator Uσ(v) : TpivHσ(v)→ TpivHσ(v) given
by v 7→ ∇vN , i.e., the shape operator on Hσ(v), is well-defined, where N is the unit
normal vector field on Hσ(v) toward the same side as v.
(3) Uu is positive semi-definite and U s is negative semi-definite.
2.2. Measure of hyperbolicity on T 1M . For any v ∈ T 1M , let γv be the unit speed
geodesic starting with v. We introduce the following definition which serves as a measure
of hyperbolicity on T 1M throughout the paper.
Definition 2.7. For any w ∈ T 1M with the same base point as v and w ⊥ v, we denote by
Juw(t) (resp. Jsw(t)) the unstable (resp. stable) Jacobi field along γv with Juw(0) = Jsw(0) =
w. For any T > 0, we define
λuT (v) := min
w : w⊥v
(
log
||Juw(T )||
||Juw(−T )||
)
and λsT (v) := min
w : w⊥v
(
− log ||J
s
w(T )||
||Jsw(−T )||
)
,
and
(2.3) λT (v) := min{λuT (v), λsT (v)}.
Note that for any v ∈ Sing, there exists an orthogonal Jacobi field J along γv such that
t 7→ ‖J(t)‖ is a constant function. Hence, it follows that λT (v) = 0 for any v ∈ Sing and
T > 0. Using λT , we set
(2.4) RegT (η) := {v ∈ T 1M : λT (v) ≥ η}.
Since λT |Sing ≡ 0 for any T > 0, RegT (η) is a compact subset of Reg for any T, η > 0.
Throughout the paper, we will mostly be using λT as the measure of hyperbolicity on
T 1M and RegT (η) as the uniformity regular set.
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However, we introduce another function λ on T 1M of similar nature. Let λu(v) be the
smallest eigenvalue of the second fundamental form Uu(v), and λs(v) be equal to λu(−v).
Define
(2.5) λ(v) := min(λu(v), λs(v)).
Similar to RegT (η), we define Reg(η) using λ:
Reg(η) := {v ∈ T 1M : λ(v) ≥ η}.
We will make use of λ and Reg(η) in Proposition 6.1.
Remark 2.8. In [BCFT18] where results in this paper are proved for geodesic flows over
nonpositively curved manifolds, λ is used as the measure of hyperbolicity on T 1M . In
their setting, the function t 7→ ‖J(t)‖ is convex for any Jacobi field J , and such convexity
are used to deduce further estimates on λ. For instance, pointwise information such as
λ(v) = 0 can be used to extract information on the asymptotic behavior of the geodesic γv,
and one can use this property to characterize the singular set via λ; see Lemma 3.2 and 3.3
of [BCFT18].
For manifolds without focal points, we no longer have the convexity of the function
t 7→ ‖J(t)‖. Although strictly weaker, we can still make use of the fact that the metrics
ds/u are monotonic; see Remark 2.5. So we need an alternative way to characterize the
singular set suited to such monotonicity. This is done via λT ; see Lemma 2.12.
In [CKP18] where the results in [BCFT18] are extended to surfaces without focal points,
the integral of λ(fsv) over s ∈ [−T, T ] served the similar purpose; there, such function was
named λT and played the role of λ from [BCFT18].
Our definition of λT defined in (2.3) is related to λT from [CKP18] in that they agree
when M is a surface. However, in higher dimension, λT (v) as in (2.3) differs from the
integral of λ(fsv) over s ∈ [−T, T ]; other than the former being bigger than or equal to the
latter, there is no direct relationship between the two.
We now establish the properties of λT by studying the growth of Jacobi tensors. We
survey the relevant results on Jacobi tensors below; see [EO76] for details.
Let Dv be the stable Jacobi tensor along γv (we may denote it by D when there is no
confusion). Namely,
D := lim
s→∞Ds,
where Ds the Jacobi tensor along γv uniquely determined by Ds(0) = Id and Ds(s) = 0.
Any stable Jacobi field along γv can be represented as
(2.6) Jsw(t) = D(t)w.
The second fundamental form U s of the stable horosphere is given by
(2.7) U s(ftv) = D′(t)D(t)−1.
Note that U s is symmetric and negative semi-definite. By simple computations, we know
that U s satisfies the Riccati equation:
U ′ + U2 +R = 0.
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Lemma 2.9. For any a < b, and w ⊥ v, we have
||Jsw(b)|| = ||Jsw(a)|| exp
(∫ b
a
〈U s(ftv)(Y (t)), Y (t)〉dt
)
,
where Y (t) := D(t)w/||D(t)w||.
Proof. The claim follows from (2.6), (2.7), and the definition of Y (t):
log
||Jsw(b)||
||Jsw(a)||
=
1
2
∫ b
a
(log ||Jsw(t)||2)′dt =
1
2
∫ b
a
(||D(t)w||2)′
||D(t)w||2 dt =
∫ b
a
〈D′(t)w,D(t)w〉
||D(t)w||2 dt
=
∫ b
a
〈D′(t)D(t)−1(Y (t)), Y (t)〉dt =
∫ b
a
〈U s(ftv)(Y (t)), Y (t)〉dt.
This completes the proof. 
With Lemma 2.9, the following corollary is immediate from the definition of λsT :
Corollary 2.10. λsT (v) = min
w⊥v
 T∫
−T
〈−U s(ftv)(Y (t)), Y (t)〉dt
, where Y (t) = D(t)w/||D(t)w||.
From negative semi-definiteness of U s, we also obtain the following property:
Corollary 2.11. λsT is non-decreasing with respect to T . Similarly, λ
u
T and λT are non-
decreasing with respect to T .
The following lemma characterizes the singular set using λT .
Lemma 2.12. λT (v) = 0 for all T ∈ R if and only if v ∈ Sing.
Proof. Without loss of generality, we may assume there exists {Tn}n∈N such that Tn →∞
and λsTn(v) = 0. By Corollary 2.10 and positive semi-definiteness of −U s, we can find{wn}n∈N satisfying wn ⊥ v such that,
U s(ftv)(D(t)wn) = 0 for any t ∈ [−Tn, Tn].
By passing to a subsequence if necessary, we may assume wn → w for some w ∈ T 1M .
Then U s(ftv)(D(t)w) = 0 for all t ∈ R. Thus (Jsw)′(t) ≡ 0 and Jsw is a constant Jacobi field
along γv. 
Remark 2.13. As noted already in Remark 2.8, λT defined in (2.3) is related but different
from λT used in [CKP18] for surfaces without focal points. Lemma 2.12 is an example
where such difference is manifested: λT used in [CKP18], defined as the integral of λ along
the orbit segment of length 2T , may still be defined for manifolds without focal points of
arbitrary dimension, but such λT does not necessarily satisfy Lemma 2.12. In fact, one
motivations for introducing λT as in (2.3) is to establish the characterization of Sing using
λT as done in Lemma 2.12.
We conclude this section by introducing and establishing the local product structure on
compact subsets of Reg.
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Definition 2.14 (Local product structure). Given κ ≥ 1, δ > 0, and v ∈ T 1M , we say
foliations W u and W cs have (κ, δ)-local product structure at v if for every ε ∈ (0, δ] and
any w1, w2 ∈ B(v, ε), the intersection of W uκε(w1) and W csκε(w2) consists of a single point
denoted by [w1, w2] which satisfies
max
(
du(w1, [w1, w2]), d
cs(w2, [w1, w2])
)
≤ κdK(w1, w2).
The following lemma establishes the local product structure of the foliations W u and
W cs at every point of v ∈ RegT (η). Using the compactness of RegT (η) and the continuity
of the distribution Eu and Ecs, the proof of [BCFT18, Lemma 4.4] works here without any
modification.
Lemma 2.15. [BCFT18, Lemma 4.4] For any T, η > 0, there exist δ > 0 and κ ≥ 1 such
that the foliations W u and W cs has (κ, δ)-local product structure at every v ∈ RegT (η).
3. Thermodynamic formalism
In this section, we describe a general theory of thermodynamic formalism; see [Wal00] for
details. Throughout the section, let (X, d) be a compact metric space, and let F = (ft)t∈R
be a continuous flow on X and ϕ : X → R be a potential (i.e. continuous function) on X.
3.1. Topological pressure.
Definition 3.1. For any t, δ > 0 and x, y ∈ X,
(1) dt-metric is defined by dt(x, y) := max
0≤τ≤t
d(fτx, fτy).
(2) The Bowen ball of radius δ and order t at x is defined as
Bt(x, δ) = {y ∈ X : dt(x, y) < δ}.
(3) We say a set E is (t, δ)−separated if dt(x, y) ≥ δ for all x, y ∈ E with x 6= y.
Definition 3.2 (Finite length orbit segments). Any subset
C ⊂ X × [0,∞)
can be identified with a collection of finite length orbit segments. More precisely, every
(x, t) ∈ C is identified with the orbit segment {fτx : 0 ≤ τ ≤ t}.
We define Φ(x, t) :=
∫ t
0
ϕ(fτx)dτ to be the integral of ϕ along an orbit segment (x, t).
Let Ct := {x ∈ X : (x, t) ∈ C} be the set of length t orbit segments in C. We define
Λ(C, ϕ, δ, t) = sup
{∑
x∈E
eΦ(x,t) : E ⊂ Ct is (t, δ)− separated
}
.
Definition 3.3 (Topological pressure). The pressure of ϕ on C is defined as
P (C, ϕ) = lim
δ→0
lim sup
t→∞
1
t
log Λ(C, ϕ, δ, t).
When C =X×[0,∞), we denote P (X×[0,∞), ϕ) by P (ϕ) and call it the topological pressure
of ϕ with respect to F .
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LetM(F) be the set of F-invariant probability measures on X. For any µ ∈M(F), we
set
Pµ(ϕ) := hµ(F) +
∫
ϕdµ.
The variational principle states that P (ϕ) is the supremum of Pµ(ϕ) over all µ ∈M(F):
(3.1) P (ϕ) = sup
{
Pµ(ϕ) : µ ∈M(F)
}
.
Any µ ∈M(F) that achieves the supremum is called an equilibrium state of ϕ.
Remark 3.4.
(1) When the entropy map µ 7→ hµ is upper semi-continuous, any weak-∗ limit of a se-
quence of invariant measures approximating the pressure is an equilibrium state. In
particular, there exists at least one equilibrium state for every continuous potential.
(2) In our setting of geodesic flows over manifolds without focal points, the upper semi-
continuity of the entropy map is guaranteed by the entropy-expansivity established
in [LW16].
3.2. Gurevich pressure. In this subsection, we will introduce the Gurevich pressure and
the equidistribution property, and we will use these in Section 5 to establish ergodic prop-
erties of the equilibrium states. Roughly speaking, the Gurevich pressure is given by the
growth rate of weighted regular closed geodesics. It is equal to the topological pressure
when the system is uniformly hyperbolic. In general, these two notions of pressure are
different; see [GS14] for more details.
Before going further, we begin by setting up the notations. As before, M denotes a
Riemannian manifold, F = (ft)t∈R the geodesic flow on T 1M , and ϕ : T 1M → R a
continuous potential. We denote the set of regular closed geodesics with length in (a, b] by
PerR(a, b]. For any closed geodesic γ, we write
Φ(γ) :=
∫
γ
ϕ =
∫ |γ|
0
ϕ(ftv)dt
where v ∈ T 1M is tangent to γ and |γ| is the length of γ. Next, given t,∆ > 0, we define
Λ∗Reg,∆(ϕ, t) :=
∑
γ∈PerR(t−∆,t]
eΦ(γ).
Definition 3.5 (Gurevich pressure). Given ∆ > 0,
(1) The upper regular Gurevich pressure P ∗Reg,∆ of ϕ is defined as
P
∗
Reg(ϕ) := lim sup
t→∞
1
t
log Λ∗Reg,∆(ϕ, t).
(Note that it is not hard to verify that P ∗Reg(ϕ) does not depend on ∆.)
(2) The lower regular Gurevich pressure P ∗Reg,∆ of ϕ is defined as
P ∗Reg,∆(ϕ) := lim inf
t→∞
1
t
log Λ∗Reg,∆(ϕ, t).
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If P ∗Reg(ϕ) = P
∗
Reg,∆(ϕ), then we call this value the regular Gurevich pressure and
denote it by P ∗Reg(ϕ).
In what follows, we provide the precise definition of what it means for a measure to be
equidistributed along weighted regular closed geodesics.
Definition 3.6 (Equidistribution). For a potential ϕ : T 1M → R, we say µ is the weak-∗
limit of ϕ−weighted regular closed geodesics, or equidistributed along weighted regular closed
geodesics, if for every ∆ > 0 we have
(3.2) µ = lim
t→∞
∑
γ∈PerR(t−∆,t] e
Φ(γ)δγ
Λ∗Reg,∆(ϕ, t)
where δγ is the normalized Lebesgue measure along the closed geodesic γ.
Remark 3.7. We point out that in [CKP18] there also is a notion of a measure µ being the
weak-∗ limit of ϕ−weighted regular closed geodesics. However, the notion defined here in
Definition 3.6 is stronger. In fact, the notion in [CKP18] only requires that there exists
some ∆ > 0 such that (3.2) holds, whereas in the current paper it requires that (3.2) holds
independent of ∆. The latter definition was first proposed by Parry [Par88] for Axiom A
flows.
The next proposition can be found in [Wal00, Theorem 9.10], which states that equilib-
rium states can be constructed via weighted regular closed geodesics.
Proposition 3.8. [Wal00, Theorem 9.10] Given ∆ > 0, suppose there exists {tk}k∈N with
tk →∞ such that
lim
k→∞
1
tk
log Λ∗Reg,∆(ϕ, tk) = P (ϕ)
and
lim
k→∞
∑
γ∈PerR(tk−∆,tk] e
Φ(γ)δγ
Λ∗Reg,∆(ϕ, tk)
= µ,
then µ is an equilibrium state.
Therefore, we summary results above in the following proposition.
Proposition 3.9. If ϕ has a unique equilibrium µϕ and P ∗Reg(ϕ) = P (ϕ), then µϕ is a
weak-∗ limit of ϕ−weighted regular closed geodesics.
3.3. Criterion for the unique equilibrium state. In this subsection, we describe a
set of criteria recently developed by Climenhaga and Thompson [CT16] that establishes
the existence of the unique equilibrium state. More specifically, [CT16] extended Bowen’s
work on uniformly hyperbolic systems [Bow74] as well as Franco’s work on for hyperbolic
flows [Fra77] and developed based on it a set of criteria that has been successfully apply to
many non-uniformly hyperbolic systems; see [CFT18], [BCFT18], [CKP18], and [CFT19].
First, we introduce various properties on the system (X,F) and the potential ϕ : X → R
necessary to state the Climenhaga-Thompson criteria.
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Definition 3.10 (Specification). We say C ⊂ X × [0,∞) has specification at scale ρ > 0
if there exists T = T (ρ) > 0 such that for every finite collection of elements in C, i.e.,
(x1, t1), . . . , (xn, tn) ∈ C, and every T1, . . . , Tn ∈ R satisfying T1 = 0 and Ti+1− Ti ≥ ti + T
for each 1 ≤ i ≤ n− 1, there exists w ∈ T 1M such that
fTiw ∈ Bti(vi, ρ) for each 1 ≤ i ≤ n.
We say C has specification if it has specification at all scales. If C = X × [0,∞) has
specification, then we say the flow has specification.
Definition 3.11 (Bowen property). We say a potential ϕ : X → R has Bowen property on
C ⊂ X × [0,∞) if there exist ε,K > 0 such that for any (x, t) ∈ C, we have
sup
y∈Bt(x,ε)
|Φ(x, t)− Φ(y, t)| ≤ K
where Φ(x, t) :=
t∫
0
ϕ(fτx)dτ .
Definition 3.12 (Decomposition of orbit segments). A decomposition ofX×[0,∞) consists
of three collections P, G, S ⊂ X × [0,∞) such that:
(1) There exist p, g, s : X × [0,∞)→ R such that for each (x, t) ∈ X × [0,∞), we have
t = p(x, t) + g(x, t) + s(x, t),
(2) (x, p(x, t)) ∈ P, (fp(x,t)x, g(x, t)) ∈ G, and (fp(x,t)+g(x,t)x, s(x, t)) ∈ S.
Remark 3.13. Given any (lower semi-)continuous function λ : X → [0,∞) and η > 0, we
define B(η), G(η) ⊂ X × [0,∞) as follows:
(3.3) B(η) :=
{
(x, t) :
1
t
∫ t
0
λ(fsx)ds ≤ η
}
and
(3.4) G(η) :=
{
(x, t) :
1
τ
∫ τ
0
λ(fsx)ds ≥ η and 1
τ
∫ τ
0
λ(ft−sx)ds ≥ η for all s ∈ [0, t]
}
.
Definition 3.4 from Call and Thompson [CT19] ensures that (P,G,S) := (B(η), G(η), B(η))
defines a decomposition ofX×[0,∞) with p(x, t) being the largest value such that the initial
segment upto time p(x, t) is in B(η), s(x, t) being the largest value such that the terminal
segment upto time s(x, t) is in B(η), and g(x, t) := t − p(x, t) − s(x, t). Such method of
decomposing the orbit segments using a (lower semi-)continuous function λ is called the
λ-decomposition in [CT19].
Due to some technical reasons (see [CT16]), we need to work with collections slightly
bigger than P and S, namely,
[P] := {(x, n) ∈ X × N : (f−sx, n+ s+ t) ∈ P for some s, t ∈ [0, 1]},
and similarly for [S]. The following definition is the last remaining piece needed to state
the Climenhaga-Thompson criteria.
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Definition 3.14. For any x ∈ X and ε > 0,
(1) The bi-infinite Bowen ball Γε(x) is defined as
Γε(x) := {y ∈ X : d(ftx, fty) ≤ ε for all t ∈ R}.
(2) The set of non-expansive points at scale ε is defined as
NE(ε) := {x ∈ X : Γε * f[−s,s](x) for any s > 0}
where f[a,b](x) = {ftx : t ∈ [a, b]}.
(3) The pressure of obstruction to expansivity for ϕ is defined as
P⊥exp(ϕ) := lim
ε→0
P⊥exp(ϕ, ε)
where
P⊥exp(ϕ, ε) := sup{hµ(f1) +
∫
ϕdµ : µ ∈Me(F) and µ(NE(ε)) = 1}
andMe(F) is the set of F−invariant ergodic probability measures on X.
Remark 3.15. For uniform hyperbolic systems, NE(ε) = ∅ for all ε sufficiently small; thus
P⊥exp(ϕ) = −∞. Hence, the pressure of obstruction to expansivity P⊥exp(ϕ) is always neces-
sarily smaller than the pressure P (ϕ) in the setting of Bowen’s work [Bow74].
Finally, the following theorem describes the Climenhaga-Thompson criteria for the unique-
ness of the equilibrium states. We will use this theorem to prove Theorem A in Section
4.
Theorem 3.16. [CT16, Theorem A] Let (X,F) be a flow on a compact metric space, and
ϕ : X → R be a continuous potential. Suppose that P⊥exp(ϕ) < P (ϕ) and X × [0,∞) admits
a decomposition (P,G,S) with the following properties:
(i) G has specification;
(ii) ϕ has Bowen property on G;
(iii) P ([P] ∪ [S], ϕ) < P (ϕ).
Then (X,F , ϕ) has a unique equilibrium state µϕ.
4. Proof of Theorem A
Let ϕ be a Hölder potential on T 1M such that P (ϕ) > P (Sing, ϕ) := P (Sing× [0,∞), ϕ).
We will show that ϕ has a unique equilibrium state µϕ by choosing a suitable decomposition
of T 1M × [0,∞) and verifying each condition of Theorem 3.16. Throughout the section,
the metric d on T 1M refers to the metric dK .
Recall that Uu(v) is the second fundamental form introduced in Proposition 2.6. Let Λ
be the maximum eigenvalue of Uu(v) over all v ∈ T 1M . Then the definition of dK , dt, and
Remark 2.5 imply that various metrics are related as follows:
dt(v, w) ≤ dcs(v, w),
dt(v, w) ≤ du(ft+1v, ft+1w) ≤ eΛdu(ftv, ftw).
(4.1)
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Such relationships between various metrics will be used in establishing the specification
property later in this section.
4.1. Decomposition (BT (η),GT (η),BT (η)). For any T, η > 0, we define BT (η) and GT (η)
by (3.3) and (3.4) using the function λT : T 1M → [0,∞) defined as in (2.3):
BT (η) :=
{
(x, t) :
1
t
∫ t
0
λT (fsx)ds ≤ η
}
and
GT (η) :=
{
(x, t) :
1
τ
∫ τ
0
λT (fsx)ds ≥ η and 1
τ
∫ τ
0
λT (ft−sx)ds ≥ η for all s ∈ [0, t]
}
.
Since λT is a continuous function for any T, η > 0, Remark 3.13 ensures that
(4.2) (P,G,S) = (BT (η),GT (η),BT (η))
defines a decomposition of T 1M × [0,∞). The following lemma shows that the geodesic
flow F = {ft}t∈R displays hyperbolic behaviors along the orbit segments in GT (η).
Lemma 4.1. For any T, η > 0, there exists C = C(T, η) and δ = δ(T, η) > 0 such that the
followings hold: let (v, t) be any orbit segment in GT (η), then
(a) For any ftw, ftw′ ∈W uδ (ftv), and any 0 ≤ τ ≤ t,
du(fτw, fτw
′) ≤ Cdu(ftw, ftw′)e−
(t−τ)η
4T .
(b) Moreover, denoting by (v˜, t˜) := (f−T v, t+ 2T ) the orbit segment obtained by extend-
ing (v, t) by time T at both ends, for any ft˜w, ft˜w
′ ∈W uδ (ft˜v˜),
du(w,w′) ≤ du(ft˜w, ft˜w′)e−
tη
4T .
Analogous inequalities hold for ds and dcs.
The proof of Lemma 4.1 requires a general lemma on double integrals.
Lemma 4.2. [CKP18, Lemma 3.12] For any non-negative integrable function ψ : R → R,
let
ψT (x) :=
T∫
−T
ψ(x+ τ) dτ.
Then for every a ≤ b, ∫ b
a
ψT (t)dt ≤ 2T
∫ b+T
a−T
ψ(t)dt.
Proof of Lemma 4.1. The proof for (a) and (b) are similar. Using uniform continuity of λT ,
choose δ > 0 small such that
dK(v, w) < δ =⇒ |λT (v)− λT (w)| ≤ η/2.
For (a), let c : [0, 1] → W uδ (ftv) be a curve connecting ftw with ftw′ whose length
realizes the distance du(ftw, ftw′). Each r ∈ [0, 1] determines a geodesic γr perpendicular
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to the unstable horosphere pi(v). Such one-parameter family of geodesics generate a family
of unstable Jacobi fields Jr. Setting Yr(τ) := Jr(τ)/‖Jr(τ)‖, Lemma 2.9 and 4.2 and
Corollary 2.10 give
log
‖Jr(t)‖
‖Jr(τ)‖ =
∫ t
τ
〈Uu(fs−tc(r))Yr(s), Yr(s)〉ds
≥ 1
2T
∫ t−T
τ+T
∫ T
−T
〈Uu(fs+τ−tc(r))Yr(s+ τ), Yr(s+ τ)〉dτds
≥ 1
2T
∫ t−T
τ+T
λuT (fs−tc(r))ds
≥ 1
2T
∫ t
τ
λuT (fs−tc(r))ds− 2TΛ
≥ (t− τ)η
4T
− 2TΛ.
Here we used the fact that Uu is positive semi-definite in order to apply Lemma 4.2. Setting
C = e2TΛ gives (a).
For (b), we similarly define c : [0, 1] → W uδ (ft˜v) connecting ft˜w to ft˜w′ and obtain a
family of unstable Jacobi fields Jr. Using the same notations as part (a), we have
log
‖Jr(t˜)‖
‖Jr(0)‖ ≥
1
2T
∫ t˜−T
T
λuT (fs−t˜c(r))ds ≥
tη
4T
.
This completes the proof. 
Using Lemma 4.1 and Hölder continuity of ϕ, the Bowen property of ϕ on GT (η) easily
follows:
Proposition 4.3. [CKP18, Theorem 6.5] ϕ has Bowen property on GT (η) for any T, η > 0.
Proof. Using part (a) of Lemma 4.1, it follows that ϕ has the Bowen property along the
stable and unstable leaves of GT (η), and together imply that ϕ has the Bowen property on
GT (η). See [CKP18] for details. 
4.2. Specification. For the remainder of this section, we describe how the decomposition
(BT (η),GT (η),BT (η)) given in (4.2) satisfies the conditions in Theorem 3.16. Since much
of the following subsections follow the corresponding sections in [BCFT18] and [CKP18]
closely, we will only sketch the main ideas and refer the readers there for details.
Let CT (η) be the set of orbit segments whose endpoints belong to RegT (η):
CT (η) := {(v, t) ∈ T 1M × [0,∞) : v, ftv ∈ RegT (η)}.
Since GT (η) is a subset of CT (η), the following proposition shows that (BT (η),GT (η),BT (η))
meets the first condition of Theorem 3.16 for all T, η > 0.
Proposition 4.4. [BCFT18, Theorem 4.1] For any T, η > 0, CT (η) has specification defined
as in Definition 3.10.
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Remark 4.5. Given a compact subset X ⊂ Reg, Lemma 2.12 and compactness of X give
some T, η > 0 such that X ⊂ RegT (η). In particular, this implies that Proposition 4.4 also
holds on a set of orbit segments whose endpoints lie in some compact subset X ⊂ Reg.
This version of Proposition 4.4 will appear in Subsection 6.2 when applied to X = Reg(η)
for some η > 0.
The proof of Proposition 4.4 needs a few lemmas concerning the properties of the folia-
tions W s/u.
Lemma 4.6. The foliations W s/u are minimal.
Proof. The analogous result for nonpositively curved manifolds was proved in [Bal82, The-
orem 3.7]. The idea is to first establish the density of W s(v) for some v ∈ T 1M , then carry
out the argument in the proof of [Ebe73a, Theorem 5.5] without the visibility condition.
For geodesic flows over manifolds without focal points, we also know that at least one of
the stable leaves W s(v) is dense in T 1M from [Hur86]. Then, the argument in [Ebe73a]
follows without much modification when M is compact and has no focal points. 
Using the compactness of T 1M , we have the following corollary:
Corollary 4.7. [CFT18, Lemma 8.1] For every ε > 0, there exists R > 0 such thatW s/uR (v)
is ε-dense in T 1M for any v ∈ T 1M .
Lemma 4.8. Given δ > 0, there exist T, η > 0 such that if λT (v) ≤ η, then dK(v,Sing) < δ.
Proof. From Lemma 2.12, Reg =
⋃
η,T>0
A(η, T ) where A(η, T ) := {v : λT (v) > η}. Since
K := {v ∈ T 1M : dK(v,Sing) ≥ δ} is a compact set contained in Reg, {A(η, T )}η,T>0 is a
nested open cover of K. So there exist η, T > 0 such that K ⊂ A(η, T ) 
Remark 4.9. Lemma 4.8 serves the similar purpose as [BCFT18, Proposition 3.4], except
that we need to use λT instead of λ because the characterization of the singular set from
Lemma 2.12 is done using λT ; see also Remark 2.13.
Next lemma follow as in [BCFT18] using the flat strip theorem [O’S76] and Dini’s theo-
rem.
Lemma 4.10. [BCFT18, Proposition 3.13] For any ε,R > 0 and any compact X ⊂ Reg,
there exists T > 0 such that for every w ∈ X and t ≥ T , we have ftW uε (w) ⊃ W uR(ftw)
and f−tW sε (w) ⊃W sR(f−tw).
The following lemma is also based on [BCFT18]. The only difference between the lemma
stated below from its corresponding version in [BCFT18] is that RegT (η) is playing the role
of Reg(η). However, this does not cause any issue in extending the proof because all the
ingredients going into the proof are also available in our setting; such ingredients include
Lemma 2.15 for RegT (η) as well as Corollary 4.7 and Lemma 4.10.
Lemma 4.11. [BCFT18, Lemma 4.5] Given T, η > 0, there exists δ > 0 such that for any
ρ ∈ (0, δ] there exists T := T (ρ) > 0 such that for every v, w ∈ RegT (η) and v′ ∈ B(v, δ)
and w′ ∈ B(w, δ), we have ft(W uρ (v′)) ∩W csρ (w′) 6= ∅ for every t ≥ T .
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We are now ready to prove Proposition 4.4. While the statements and lemmas going into
the proof are slightly different, the proof closely follows that of [CKP18, Proposition 5.5]
with the role of [CKP18, Lemma 5.3] replaced by Lemma 4.11.
Proof of Proposition 4.4. Let T, η > 0 be given. We begin by fixing a regular closed geodesic
(v′0, t′0) as our reference orbit. From Lemma 2.12, there exist some T ′, η′ > 0 such that the
entire orbit segment (v′0, t′0) is contained in RegT ′(η′). By comparing T ′ and the given T ,
we re-define T as the larger of the two. Similarly, we re-define η as the smaller of η′ and
the given η. It then follows that (v′0, t′0) ∈ GT (η). We set v0 := f−T v′0 and t0 := 2T + t′0.
Then (v0, t0) is an extended orbit segment obtained from (v′0, t′0) whose endpoints v0, ft0v0
belong to RegT (η).
From the uniform continuity of λT , there exists δ1 > 0 such that
dK(v, w) < δ1 =⇒ |λT (v)− λT (w)| < η/2.
By decreasing δ1, if necessary, we may suppose that δ1 is less than or equal to δ(T, η)
from Lemma 4.1. Then for any w ∈ Bt0(v0, δ1), we have (fTw, t′0) ∈ GT (η/2). Setting
α := exp
(
− t′0η8T
)
∈ (0, 1), it then follows from part (b) of Lemma 4.1 that for any
w ∈ Bt0(v0, δ1) and w′ ∈ f−t0W uδ1(ft0w), we have
(4.3) du(w,w′) ≤ αdu(ft0w, ft0w′).
Let δ2 > 0 be given by Lemma 4.11, and set δ := min{δ1, δ2}. Let ρ ∈ (0, δ) be an
arbitrary given scale. Setting
ρ′ :=
1
6
ρe−Λ(1− α),
we will show that CT (η) has specification with T := t0 + 2T0 where T0 := T (ρ′) is from
Lemma 4.11.
Let (v1, t1), . . . , (vn, tn) ∈ GT (η) and T1 = 0, T2, . . . , Tn ∈ R≥0 be given such that Ti+1 −
Ti ≥ ti +T for each 1 ≤ i ≤ n− 1. We will inductively build a sequence w1, . . . , wn ∈ T 1M
with
(4.4) fTjwj ∈W csρ′ (vj)
such that w := wn satisfies
fTiw ∈ Bti(vi, ρ) for each 1 ≤ i ≤ n.
We begin by setting w1 = v1. Since T1 = 0, we clearly have (4.4) for j = 1. For the
inductive step, we set up a few notations:
si := Ti + ti and `i := si + T0 + t0.
Suppose we have wj ∈ T 1M satisfying (4.4). From wj ∈ T 1M we will build wj+1 ∈ T 1M
such that its forward orbit shadows that of wj for time sj , and then after time T0 starts
shadowing the orbit segment (v0, t0), and finally satisfies (4.4) at time Tj+1. To do so,
consider fsjwj and v0. Since fTjwj ∈ W csρ′ (vj) from the inductive hypothesis and dcs is
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non-increasing in forward time (Remark 2.5), we have fsjwj ∈ W csρ′ (ftjwj). Lemma 4.11
applied to fsjwj and v0 implies that there exists uj ∈ T 1M such that
fsjuj ∈W uρ′(fsjwj) and fsj+T0uj ∈W csρ′ (v0).
Using again the fact that dcs is non-increasing in forward time, we have f`juj ∈W csρ′ (ft0v0).
Since Tj+1 − Tj ≥ tj + T with T := t0 + 2T0, we have Tj+1 − `j ≥ T0 and applying Lemma
4.11 to f`juj and vj+1 gives wj+1 ∈ T 1M such that
f`jwj+1 ∈W uρ′(f`juj) and fTj+1wj+1 ∈W csρ′ (vj+1).
Since du is non-increasing in backward time, we have
du(fsjwj+1, fsjwj) ≤ du(f`jwj+1, f`juj) + du(fsjuj , fsjwj) ≤ ρ′ + ρ′ = 2ρ′.
From (4.3), each time the backward orbits of fsjwj+1 and fsjwj pass nearby the orbit
segment (v0, t0) their du-distance decrease by a factor of α. Hence, for any 1 ≤ i ≤ j,
du(fsiwj+1, fsiwj) ≤ 2ρ′αj−i.
It then follows that
du(fsiwj+1, fsiwi) ≤
j∑
m=i
du(fsiwm+1, fsiwm) ≤ 2
j∑
m=i
ρ′αj−m ≤ 2ρ
′
1− α.
From (4.1), we have
dti(fTiwj+1, vi) ≤ dti(fTiwj+1, fTiwi) + dti(fTiwi, vi) ≤
2ρ′eΛ
1− α + ρ
′ =
1
3
ρ+ ρ′ < ρ.
Hence, this proves that w := wn satisfies fTiw ∈ Bti(vi, ρ) for each 1 ≤ i ≤ n. 
From Proposition 4.4, we have the following version of the closing lemma whose formu-
lation resembles [BCFT18, Lemma 4.7]. In fact, its proof readily extends for the following
lemma:
Lemma 4.12. For all ρ, η, ε, T > 0, there exists T > 0 such that for every (v, t) ∈ CT (η),
there exist w ∈ Bt(v, ρ) and τ ∈ [T − ε, T + ε] such that ft+τw = w.
Proof. Instead of using any arbitrary (v0, t0) ∈ C(η) as a reference orbit as in [BCFT18,
Lemma 4.7], we instead proceed similarly to the proof of Proposition 4.4 by fixing any
regular closed geodesic (v′0, t′0). After possibly re-defining T, η as in the proof of Proposition
4.4, we make use of the extended orbit segment (v0, t0) := (f−T v′0, 2T + t′0) ∈ GT (η). The
rest of the proof proceed as in the proof of [BCFT18, Lemma 4.7] using the Brouwer fixed
point theorem. 
The following corollary is the corresponding version of [BCFT18, Corollary 4.8]. Us-
ing Lemma 4.12 in place of [BCFT18, Lemma 4.7] and λT replacing λ, the proof follows
verbatim.
Corollary 4.13. For all ρ, η, ε, T,M > 0, there exists T > 0 such that for every (v, t)
with the property that there exist p, s ∈ [0,M ] such that (fpv, ft−p−sv) ∈ CT (η), there exists
w ∈ Bt(v, ρ) and τ ∈ [T − ε, T + ε] such that ft+τw = w and w ∈ Reg.
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4.3. Role of the pressure gap assumption: P (ϕ) > P (Sing, ϕ). In this subsection,
we describe how the pressure gap assumption on ϕ can be used to meet two remaining
assumptions in Theorem 3.16 using the geometry of manifolds without focal points.
Given a set of orbit segments C ⊂ T 1M × [0,∞), M(C) refers to the set of all F-
invariant measures on T 1M obtained as weak-∗ limits of convex combinations of empirical
measures along orbit segments in C; see [BCFT18, Section 5]. Moreover, we are denoting
M(Sing × [0,∞)) byM(Sing).
Setting MλT (η) :=
{
µ ∈ M(F) :
∫
λT dµ ≤ η
}
, Lemma 2.12 and the entropy-
expansivity of the geodesic flows over manifolds with no focal points [LW16] imply that
(4.5) M(Sing) =
⋂
T,η>0
MλT (η);
see [BCFT18, Proposition 5.2] and [CKP18, Proposition 7.3]. Note thatMλT (η) is a nested
subset ofM(F) that converges toM(Sing) as T →∞ and η → 0. It follows that the third
item (iii) of Climenhaga-Thompson’s criteria holds for all sufficiently large T and sufficiently
small η:
Proposition 4.14. [CKP18, Proposition 7.3] There exist T0, η0 > 0 such that P (ϕ) >
P ([BT (η)], ϕ) for any T ≥ T0 and η ≤ η0.
Proof. From (4.5), given any ε > 0, there exist T0, η0 > 0 such that for any µ ∈MλT0 (η0),
Pµ(ϕ) < P (Sing, ϕ) + ε.
Since M([BT0(η0)]) is a subset of MλT0 (η0), by choosing ε smaller than the size of the
pressure gap P (ϕ) − P (Sing, ϕ), the corresponding T0, η0 are the required constants. See
[CKP18, Proposition 7.3] for details. 
Using the similarity of geometric features between manifolds without focal points and
nonpositively curved manifolds, we have the following estimate on P⊥exp(ϕ).
Proposition 4.15. [BCFT18, Proposition 5.4] P⊥exp(ϕ) ≤ P (Sing, ϕ)
Proof. The proof for [BCFT18, Proposition 5.4] works here without any modifcation. In
fact, the main argument of the proof there is that the flat strip theorem [Ebe96] implies
that NE(ε) ⊂ Sing for all small enough ε > 0. Since the flat strip theorem remains to hold
for manifolds with no focal points [O’S76], so does the proof. See [BCFT18, Proposition
5.4] for details. 
With the pressure gap assumption on ϕ, we immediately obtain the following corollary
and complete the proof of Theorem A.
Corollary 4.16. P (ϕ) > P⊥exp(ϕ).
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5. Proof of Theorem B
5.1. Equidistribution of the weighted regular closed geodesicser. In this subsec-
tion, we show the unique equilibrium state is the weak-∗ limit of the weighted regular closed
geodesics.
Proposition 5.1. The unique equilibrium state µ is the weak-∗ limit of weighted regular
closed geodesics, that is, for all ∆ > 0
µ = lim
t→∞
∑
γ∈PerR(t−∆,t] e
Ψ(γ)δγ
Λ∗Reg,∆(ϕ, t)
where δγ is the normalized Lebegue measure supported on the closed geodesic γ.
The above proposition follows directly from the following lemma and Proposition 3.9.
Lemma 5.2. For any ∆ > 0, there exists β > 0 such that the regular closed geodesics
satisfy
β
t
etP (ϕ) ≤ Λ∗Reg,∆(ϕ, t) ≤ β−1etP (ϕ)
for t big enough.
Proof. It follows the proof of [BCFT18, Proposition 6.4] after replacing [BCFT18, Corollary
4.8] in the proof by Corollary 4.13. 
Remark 5.3. We point out again that Proposition 5.1 is stronger than the similar result
found in [CKP18, Proposition 8.13]. Indeed, Proposition 5.1 works for aribtrarily small
∆ > 0, whereas ∆ had to be sufficient large in [CKP18, Proposition 8.13]. This is due to
slightly different and stronger
5.2. The K-property on µϕ. In this subsection, we show that the unique equilibrium
state µϕ from Theorem A has theK-property via methods developed by Call and Thompson
[CT19] based on the earlier work of Ledrappier [Led77].
Definition 5.4 (K-property). Let (X,B, µ) be a probability space, and let f be a measure-
preserving invertible transformation of (X,B, µ) The system has the Kolmogorov prop-
erty, or simply the K-property, if there exists a sub-σ-algebra K ⊂ B satisfying K ⊂ fK,
∞∨
i=0
f iK = B, and
∞⋂
i=0
f−iK = {∅, X}.
A measure-preserving flow F = {ft}t∈R on (X,B, µ) has the K-property if for every
t 6= 0, the time-t map ft : X → X has the K-property.
The K-property may be viewed as a mixing property that is weaker than Bernoulli but
stronger than mixing of all orders. There are many alternative characterizations for the
K-property. For instance, the system (X,B, µ, f) has the K-property if and only if hµ(f, ξ)
is positive for every non-trivial (mod 0) partition ξ of X.
In order to apply [CT19], we need to consider the flow F × F on the product space
T 1M × T 1M . Then the potential Φ: T 1M × T 1M → R given by Φ(x, y) := ϕ(x) + ϕ(y)
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satisfies P (Φ) = 2P (ϕ). Setting
λ˜T (x, y) := λT (x) · λT (y)
and
L := (Sing × T 1M) ∪ (T 1M × Sing) ⊂ T 1M × T 1M,
the following lemma is the analogue of Lemma 2.12 for λ˜T .
Lemma 5.5. If λ˜T (x, y) = 0 for all T > 0, then (x, y) ∈ L.
Proof. Without loss of generality, we may assume there exists Tn →∞ such that λTn(x) = 0
for all n. By Corollary 2.11, λ˜T is non-decreasing with respect to T , thus λT (x) = 0 for all
T > 0. By Lemma 2.12, we have x ∈ Sing. 
Given any F-invariant measure ν ∈ M(F), we say ν is almost expansive at scale
ε if ν(NE(ε)) = 0. From the flat strip theorem [O’S76], it follows that µϕ is almost
expansive at any sufficiently small scale ε > 0. Moreover, the pressure gap assump-
tion P (ϕ) > P (Sing, ϕ) implies that any equilibrium state ν of Φ is product expan-
sive; see [CT19, Proposition 5.4]. Together with these observations, [CT19, Theorem
6.5] states that the unique equilibrium state µϕ from Theorem A has the K-property if
sup
{
Pµ(Φ) :
∫
λ˜Tdµ = 0
}
< P (Φ) = 2P (ϕ), which we establish in the following lemma.
Proposition 5.6. For any continuous potential ϕ : T 1M → R with P (ϕ) > P (Sing, ϕ),
there exists T0 > 0 such that for any T > T0,
sup
{
Pµ(Φ) :
∫
λ˜Tdµ = 0
}
< P (Φ) = 2P (ϕ).
Proof. Let ν be any F × F-invariant measure with
∫
λ˜Tdν = 0 for all T > 0. For any
n ∈ N, consider En := {(x, y) ∈ Reg × Reg : λ˜n(x, y) 6= 0} and let E :=
∞⋃
n=1
En.
We claim that Reg × Reg is equal to E. In fact, if there exists (x, y) ∈ (Reg × Reg)\E,
then λ˜n(x, y) = 0, for all n ∈ N. From Corollary 2.11 we know that λ˜T is non-decreasing
with respect to T , thus λ˜T (x, y) = 0 for all T > 0. This is a contradiction because by
Lemma 5.5, either x or y would have to lie in Sing.
From the choice of ν, it is clear that ν(En) = 0 for all n ∈ N. Hence, ν(Reg × Reg) =
ν(E) = 0 and ν(L) = 1. Consequently,
M(L) =
⋂
T>0
M
λ˜T
(0).
Let ε := P (ϕ) − P (Sing, ϕ) > 0 be the size of the pressure gap. Similar to the proof of
Proposition 4.14, there exists T0 > 0 such that for any T > T0 and µ ∈MλT (0), we have
Pµ(Φ) < P (L,Φ) + ε/2. (I)
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By Lemma 2.8 and Proposition 3.3 of [CT19], we have
P (L,Φ) ≤ P (Sing, ϕ) + P (ϕ). (II)
By combining (I) and (II), we conclude that for any T > T0,
sup
{
Pµ(Φ) :
∫
λ˜Tdµ = 0
}
≤ P (Sing, ϕ) + P (ϕ) + ε/2 < 2P (ϕ).
This completes the proof. 
5.3. Other properties of µϕ. Following the same proofs of [CKP18, Proposition 8.1 and
8.10], we obtain the last two remaining properties of µϕ claimed in Theorem B.
Proposition 5.7. µϕ(Reg) = 1 and µ is fully supported.
6. Proof of Theorem C
In this section, we prove Theorem C. We follow the proof of [BCFT18, Theorem B]
closely, while pointing out the necessary modifications required. We will make use of both
functions λ, λT , : T 1M → R as well as the corresponding uniformity regular sets Reg(η)
and RegT (η).
6.1. Estimating singular orbits by regular orbits. Fix a small η0 > 0 such that
Reg(η0) has nonempty interior. From Corollary 4.7, there exists R > 0 such that the
W
s/u
R (v) intersects Reg(η0) for every v ∈ T 1M . By selecting any point from the intersection
W
s/u
R (v) ∩ Reg(η0), we define maps Πσ : T 1M → Reg(η0), σ ∈ {s, u}, so that Πσ(v) ∈
W σR(v). Given t > 0, we then define Πt : Sing→ Reg by
(6.1) Πt := f−t ◦Πu ◦ ft ◦Πs.
Proposition 6.1. [BCFT18, Theorem 8.1] For every δ > 0 and η ∈ (0, η0), there exists
L > 0 such that for every v ∈ Sing and t ≥ 2L, the image w := Πt(v) has the following
properties:
(1) w, ftw ∈ Reg(η);
(2) dK(fsw,Sing) < δ for all s ∈ [L, t− L];
(3) for every s ∈ [L, t − L], fsw and v lies in the same connected component of
B(Sing, δ) := {w ∈ T 1M : dK(w,Sing) < δ}.
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Figure 6.1. The approximation map Πt : Sing→ Reg
Remark 6.2. Recall from Lemma 2.12 that λT (v) = 0 for all T > 0 if and only if v ∈ Sing.
However, λ(ftv) = 0 for all t ∈ R does not necessarily imply that v belongs to Sing. Hence,
in order to control the distance of fsw to Sing for s ∈ [L, t − L], we will make use of λT
for a suitably chosen T even though T does not show up as one of the parameters in the
statement of the proposition.
However, unlike Theorem A and B where we predominatly made use of λT , this propo-
sition is the only place in the proof of Theorem C where we make use of λT ; for rest of the
proof appearing in Subsection 6.2, we will primarily be making use of λ instead.
Proof of Theorem 6.1. Let δ > 0 and η ∈ (0, η0) be given. For any v ∈ Sing, let v1 :=
Πs(v) ∈ Reg(η0) ∩ W sR(v) be a point obtained from Πs. Connect v to v1 by a directed
line segment lying in W s(v), and denote the first intersection of the line segment with the
boundary of Sing by v0. Since v0 ∈ Sing, for any T > 0 and t ∈ R we have λT (ftv0) = 0.
Throughout the proof, refer to Figure 6.1. Note that Figure 6.1 is a slight modification of
[BCFT18, Figure 8.1] in order to account for different notations.
We begin by choosing T∗, η∗ > 0 from Lemma 4.8 such that
λT∗(v) ≤ η∗ =⇒ dK(v,Sing) < δ.
From the uniform continuity of λT∗ > 0, there exists ε1 > 0 such that for any a, b ∈ T 1M ,
(6.2) λT∗(a) < η∗/3 and b ∈ B(a, ε1) =⇒ λT∗(b) < η∗/2.
From Lemma 4.10, there exists T1 > 0 such that for any a ∈ RegT∗(η∗/2) and any t ≥ T1,
we have f−tW sε1(a) ⊃W sR(f−ta).
Claim 1: for any t ≥ T1, we have λT∗(ftv1) ≤ η∗/2.
Proof of Claim 1. Suppose the claim does not hold; that is, λT∗(ftv1) > η∗/2 for some
t ≥ T1. Since λT∗(ftv0) = 0, we must have d(ftv1, ftv0) > ε1 from (6.2). In particular,
W sε1(ftv1) does not contain ftv0.
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On the other hand, since t ≥ T1 and λT∗(ftv1) > η∗/2, f−tW sε1(ftv1) contains W sR(v1).
In particular, f−tW sε1(ftv1) must contain v0 because v0 ∈ W sR(v1). However, this implies
that W sε1(ftv1) contains ft(v0), and this is a contradiction to the previous paragraph. 
Using uniform continuity of λT∗ , we choose ε2 > 0 such that for any a, b ∈ T 1M ,
(6.3) λT∗(a) < η∗/2 and b ∈ B(a, ε2) =⇒ λT∗(b) < η∗.
From Lemma 4.10, there exists T2 > 0 such that for any t ≥ T2 and any a ∈ RegT∗(η∗), we
have ftW uε2(a) ⊃ W uR(fta). Recalling that w := Πt(v), we have the following claim whose
proof is similar to the proof of Claim 1.
Claim 2: Suppose t > T1 + T2 and s ∈ [T1, t− T2]. Then, dK(fsw,Sing) < δ.
Proof of Claim 2. From the choice of T∗, η∗ > 0, it suffices to show that λT∗(fsw) ≤ η∗ for
all s ∈ [T1, t− T2].
Suppose for the contrary that λT∗(fs0w) > η∗ for some for s0 ∈ [T1, t − T2]. Since
λT∗(fsv1) ≤ η∗/2 for any s ≥ T1, we have dK(fs0w, fs0v1) > ε2 from (6.3). In particular,
W uε2(fs0w) does not contain fs0v1.
On the other hand, since t− s0 ≥ T2 and λT∗(fs0w) > η∗, it follows that ft−s0W uε2(fs0w)
contains W uR(ftw) which then contains ftv1 from the definition (6.1) of Πt. However, this
is a contradiction to the previous paragraph that fs0v1 does not belong to W uε2(fs0w). 
Lastly, from the uniform continuity of λ, we choose a small ε3 > 0 such that for any
a, b ∈ T 1M ,
λ(a) ≥ η0 and b ∈ B(a, ε3) =⇒ λ(b) ≥ η.
Then by taking the compact subset X to be Reg(η0) from Lemma 4.10, we obtain T3 > 0
such that ftW uε3(v1) contains W
u
R(ftv1) for any t ≥ T3. From such choices of ε3, T3 and the
fact that v1 ∈ Reg(η0), we ensure that w := Πt(v) ∈ Reg(η) whenever t ≥ T3. Putting
everything together, the proposition follows by setting L := max{T3/2,max(T1, T2)}. 
The following proposition shows that given any (t, 2ε)-separate subset E of Sing, the car-
dinality of the intersection between Πt(E) and any (t, ε)-Bowen ball is uniformly bounded.
The proof mostly follows that of [BCFT18, Proposition 8.2] up until the end where small
modification has to be made in order to account for the slightly weaker geometric features
of manifolds without focal points.
Proposition 6.3. [BCFT18, Proposition 8.2] For every ε > 0, there exists C > 0 such that
if Et ⊂ Sing is a (t, 2ε)-separated set for some t > 0, then for every w ∈ T 1M , we have
#{v ∈ Et : dt(w,Πtv) < ε} ≤ C.
Proof. Let M˜ be the universal cover of M and B ⊂ M˜ a fundamental domain. Define Π˜s,u
and Π˜t by lifting Πs,u and Πt to the universal cover. Let d˜ be the lift of d to M˜ , and d˜t be
the lift of dt to T 1M˜ . For every v˜ ∈ T 1M˜ , we have
(6.4) d˜(piv˜, piΠ˜tv˜) ≤ d˜(piv˜, piΠ˜sv˜) + d˜(piΠ˜sv˜, piΠ˜tv˜) ≤ ds(v,Πsv) + du(Πsv,Πtv) ≤ 2R,
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where pi is the projection from T 1M˜ onto M˜ . By the analogous calculation, we have
(6.5) d˜(piftv˜, pift(Π˜tv˜)) < 2R.
Given v ∈ T 1M , let v˜B ∈ T 1M˜ be the lift of v such that piv˜B ∈ B. Then (6.4) gives
piΠ˜tv˜B ∈ A2R :=
⋃
x∈B
B
d˜
(x, 2R).
Fix ε > 0 and let Γ = Γ2R+ε := {g ∈ pi1(M) : gB ∩ A2R+ε 6= ∅}. Note #Γ < ∞ as
B is compact. For t > 0, let Et ⊂ Sing be any (t, 2ε)-separated set, and fix an arbitrary
w ∈ T 1M . We define
Ew,εt := {v ∈ Et : dt(w,Πtv) < ε}.
Since dt(w,Πtv) < ε, there exists a lift w˜ of w such that d˜t(w˜, Π˜tv˜B) < ε. As piΠ˜tv˜B ∈
A2R, it follows that w˜ ∈ A2R+ε, and thus piw˜ ∈ gB for some g ∈ Γ. Thus, Ew,εt =
⋃
g∈Γ
Egt ,
where
Egt := {v ∈ Ew,εt : d˜t(w˜g, Π˜tv˜) < ε where w˜g is the lift of w in gB}.
Let X ⊂ B and Y ⊂ A2R+ε be finite ε/2-dense sets. We will show that #Ew,εt ≤
(#Γ)(#X)(#Y ).
For any g ∈ Γ and v ∈ Egt , we approximate v˜B and ftv˜B using X and Y . Since piv˜ ∈
B, there exists x = x(v) ∈ X such that d˜(x, piv˜B) < ε/2. For ftv˜B, we use ftw˜ as
the reference point. There exists a unique h ∈ pi1(M) such that piftw˜ ∈ hB. Since
d˜t(w˜, Π˜tv˜B) < ε, we have d˜(hB, pift(Π˜tv˜B)) < ε. This implies that piftv˜B ∈ h(A2R+ε)
because d˜(piftv˜B, pift(Π˜tv˜B)) < 2R from (6.5). In particular, there exists some y = y(v) ∈ Y
such that d˜(piftv˜B, h(y)) < ε/2.
Now we show that the map x × y : Egt → X × Y is injective. Given any v1, v2 ∈ Egt
with (x× y)(v1) = (x× y)(v2), define ρ(s) := d˜(γv˜1(s), γv˜2(s)) for s ∈ [0, t]. From x(v1) =
x(v2) =: x0, we have ρ(0) = d˜(γv˜1(0), γv˜2(0)) < ε/2 + ε/2 = ε by applying the triangle
inequality pivoted at γx˜0(0). Similarly, ρ(t) < ε from y(v1) = y(v2). While [BCFT18]
uses the convexity of the function ρ, a property coming from the geometry of nonpositively
curved manifolds, to conclude that ρ attains its maximum value at an endpoint, such
property of ρ is not available for manifolds without focal points. Instead, we use [Kat82,
Proposition 2.8] to conclude that
ρ(s) ≤ ρ(0) + ρ(t) < 2ε for all s ∈ [0, t],
and hence, dt(v1, v2) ≤ 2ε. Since Egt is (t, 2ε)-separated, this gives v1 = v2. Injectivity
shows that #Egt ≤ (#X)(#Y ) for each g ∈ Γ, and this proves the proposition with C :=
(#Γ)(#X)(#Y ). 
6.2. Proof of Theorem C. With Proposition 6.1 and 6.3, the rest of the proof can be com-
pleted as in [BCFT18]. For completeness, we provide a brief sketch of the proof by closely
following [BCFT18]: we will sketch the existence of constants τ,Q and T independent of α
such that
(6.6) P (ϕ) ≥ −α
τ
logα− αQ
τ
+
(
1− αT
τ
)
P (Sing, ϕ).
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Then by choosing α ∈ (0, e−Q−T P (Sing,ϕ)), we will obtain the required pressure gap P (ϕ) >
P (Sing, ϕ). Note the inequality (6.6) is slightly different from its corresponding inequality
[BCFT18, (8.16)] due to a small error in [BCFT18, Proposition 8.7]. However, such error
that can be easily amended; see (6.14).
We begin with the following general lemma from [CT16].
Lemma 6.4. Let (X,F) be a continuous flow on a compact metric space, let ϕ : X → R
be continuous, and let ε > 0. Then for all t > 0,
(6.7) sup
{∑
x∈E
exp
(
sup
y∈Bt(x,ε)
Φ(y, t)
)
: E ⊂ X is (t, ε)-separated
}
≥ etP (X,2ε,ϕ).
Under the assumption of Theorem C that ϕ is locally constant on a neighborhood of Sing,
for any sufficiently small ε > 0 and any x ∈ Sing and t > 0, the value of Φ(y, t) is constant
for any y ∈ Bt(x, ε). In particular, the left hand side of (6.7) is equal to Λ(Sing, ϕ, ε, t)
when applied to X = Sing. From the entropy-expansivity of the geodesic flows on manifolds
with no focal points [LW16], we have P (Sing, ϕ) = P (Sing, 2ε, ϕ) for any sufficiently small
ε. Thus, for sufficiently small ε > 0, Lemma 6.4 gives
(6.8) Λ(Sing, ϕ, ε, t) ≥ etP (Sing,ϕ).
We now choose the constants from Proposition 6.1. Recall that we fixed η0 early in the
process of defining the map Πt. Now fix η ∈ (0, η0) and δ > 0 sufficiently small such that
(i) ϕ is locally constant on B(Sing, 2δ), and
(ii) d(v,Sing) < 2δ =⇒ λ(v) < η.
Since λ|Sing ≡ 0, such choices of η, δ can be made by first choosing δ > 0 and η ∈ (0, η0)
that satisfy (ii) using the uniform continuity of λ and then by decreasing δ to satisfy (i) if
necessary.
Denoting the components of Sing by U1, . . . , Uk, and the constant value of ϕ on Ui by
Φi, (i) and (6.8) together produce a (t, 2δ)-separated set Et ⊂ Sing such that
(6.9)
k∑
i=1
etΦi#(Et ∩ Ui) ≥ etP (Sing,ϕ).
Let L = L(δ, η) be from Proposition 6.1. From the third statement of Proposition 6.1, for
any t ≥ 2L, any v ∈ Et ∩ Ui, and any s ∈ [L, t − L], we have d(fsΠtv, Ui) < δ. From (i),
for any u ∈ Bt(Πtv, δ), we have
(6.10)
∫ t
0
ϕ(fsu)ds ≥ (t− 2L)Φi − 2L‖ϕ‖ ≥ tΦi − 4L‖ϕ‖.
For each 1 ≤ i ≤ k, let E′t,i := Πt(Et∩Ui) and E′′t,i be a maximal (t, δ)-separated subset of
E′t,i. From Proposition 6.3, there exists C > 0 such that for any w ∈ T 1M , the cardinality
of the intersection E′t,i ∩ Bt(w, δ) is bounded above by C. Since E′′t,i is (t, δ)-spanning in
E′t,i, by varying w over the elements of E
′′
t,i we have #E
′′
t,i ≥ C−1#E′t,i.
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To summarize the construction so far, given any t ≥ 2L, we construct a (t, δ)-separated
set E′′t :=
k⋃
i=1
E′′t,i ⊂ E′t such that for β := C−1e−4L‖ϕ‖, E′′t satisfies
(6.11)
∑
w∈E′′t
einfu∈Bt(w,δ)
∫ t
0 ϕ(fsu)du ≥ βetP (Sing,ϕ)
from (6.9) and (6.10); see [BCFT18, Lemma 8.4] for details.
Since Reg(η) is a compact subset of Reg, from Lemma 2.12 there exist T∗, η∗ > 0 such
that Reg(η) ⊂ RegT∗(η∗). Let T > 0 be the transition time for the specification property
obtained from Proposition 4.4 applied to CT∗(η∗) at scale ρ = δ/3; see Definition 3.10. Then
for any given number of orbit segments {(vi, ti)}ni=1 with vi, ftivi ∈ Reg(η) and any {Ti}ni=1
with T1 = 0 and Ti − Ti−1 ≥ ti + T , there exists w ∈ T 1M such that for each 1 ≤ i ≤ n,
fTi(w) ∈ Bti(vi, δ/3)).
Let α ∈ (0, 1) be small and N ∈ N such that αN ∈ N. Set τ := 2L+ T and consider
A = {τ, 2τ, . . . , (N − 1)τ} ⊂ [0, Nτ ].
Let JαN := {J ⊂ A : #J = αN − 1} be the set of all (αN − 1)-subsets of A. We call each
element of ∈ JαN an itinerary.
For any given itinerary
J = {(N1τ, . . . , NαN−1τ) : 1 ≤ N1 < . . . < NαN−1 ≤ N − 1},
let ti = (Ni−Ni−1)τ−T for 1 ≤ i ≤ αN where N0 = 0 and NαN = N . As ti ≥ τ−T ≥ 2L,
there exists a (ti, δ)-separated set E′′ti satisfying (6.11). Note that the endpoints v and ftiv
of any orbit segment (v, ti) with v ∈ E′′ti belong to Reg(η) from Proposition 6.1. Hence, for
any v := (v1, . . . , vαN ) ∈
αN∏
i=1
E′′ti , there exists G(v) ∈ T 1M from the specification property
such that
(6.12) fNi−1τG(v) ∈ Bti(vi, δ/3) for each 1 ≤ i ≤ αN.
It is shown in [BCFT18, Lemma 8.5] that the image χJ of G :
αN∏
i=1
E′′ti → T 1M is (Nτ, δ/3)-
separated. From [BCFT18, Lemma 8.6], Proposition 6.1 and (ii) imply that for any w ∈ χJ ,
we have
d(ftw,Sing) > 5δ/3 for all t ∈ J,
d(ftw,Sing) < 4δ/3 for all t ∈ A \ J.(6.13)
Moreover, for any G(v) with v = (v1, . . . , vαN ), the integral
∫ Ni−1τ+ti
Ni−1τ ϕ(fsw)ds is bounded
below by infu∈Bti (vi,δ/3)
∫ ti
0 ϕ(fsu)ds from (6.12) and
∫ Niτ
Ni−1τ+ti ϕ(fsw)ds is trivially bounded
below by −T ‖ϕ‖. Summing ∫ Nτ0 ϕ(fsw)ds over all w ∈ χJ , (6.11) implies that the
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(Nτ, δ/3)-separated subset χJ satisfies
(6.14)
∑
w∈χJ
e
∫Nτ
0 ϕ(fsw)ds ≥ e−αNT ‖ϕ‖
αN∏
i=1
βetiP (Sing,ϕ) ≥ e−αNQe(Nτ−αNT )P (Sing,ϕ),
where β := C−1e−4L‖ϕ‖ is from (6.11) andQ := T ‖ϕ‖−log β. We remark that the constants
Q and T do not depend α.
Note that for any J 6= J ′ ∈ JαN and any v ∈ χJ and w ∈ χJ ′ , there exists at least one
t ∈ A such that one of ftv and ftw is 4δ/3-close to Sing while another is at least 5δ/3-away
from Sing from (6.13). In particular, dNτ (v, w) ≥ δ/3. This implies that the union
⋃
J∈JαN
χJ
of each (Nτ, δ/3)-separated set χJ is still (Nτ, δ/3)-separated. Moreover, it follows from
(6.14) that
(6.15)
∑
w∈ ⋃
J∈Jα
N
χJ
e
∫Nτ
0 ϕ(fsw)dw ≥
(
N − 1
αN − 1
)
e−αNQe(Nτ−αNT )P (Sing,ϕ)
because #JαN =
(
N−1
αN−1
)
.
As
⋃
J∈JαN
χJ is (Nτ, δ/3)-separated, the outcome of taking a logarithm of the left hand
side of (6.15) followed by dividing by Nτ and taking the limit as N approaches ∞ is
bounded above by P (ϕ). Using the fact that N−kαN−k ≥ 1α for all 1 ≤ k ≤ αN , we have(
N−1
αN−1
) ≥ αe(−α logα)N . Hence, (6.15) implies that
P (ϕ) ≥ −α
τ
logα− αQ
τ
+
(
1− αT
τ
)
P (Sing, ϕ).
In particular, we obtain (6.6) and establish required pressure gap (1.1) by choosing α
sufficiently small in (0, e−Q−T P (Sing,ϕ)).
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